We reconstruct the magnetic helicity density of the large-scale (global) axisymmetric field of the Sun in cycle 23 using synoptic maps of magnetic field from the Michelson Doppler Imager (MDI) on board of Solar and Heliospheric Observatory (SOHO). We employ the method suggested earlier by Brandenburg et al. (2003) . To determine the components of the poloidal field, we use the boundary conditions typically employed in mean-field dynamo models. This allows the direct comparison of derived helicity with the predictions from the mean-field dynamo models. The axisymmetric global magnetic field exhibits positive magnetic helicity in the northern hemisphere, and negative one in the southern. This hemispheric sign asymmetry is opposite to helicity of solar active regions. The hemispheric sign asymmetry reverses during the minima of solar activity. A similar behavior is expected from the mean-field solar dynamo models. Finally, the data suggest a magnetic helicity imbalance between the northern and southern hemispheres in cycle 23. We speculate that this imbalance may affect the difference in the amplitudes of the sunspot cycle 24 in the northern and the southern hemispheres.
Introduction
The generation of the magnetic field in the Sun is tightly related with the convective helical dynamo motions. In the framework of axisymmetric dynamos, the magnetic field is typically decomposed into toroidal and poloidal parts. Following a suggestion of Parker (1955) , the toroidal field is assumed to be responsible for creation of active regions and sunspots. Parker (1955) suggested that the solar dynamo can be represented as a periodical transformation of poloidal magnetic field,B (p) = B r e r + B θ e θ , into toroidalB (t) = B φ e φ (due to the action of differential rotation) and the reverse transformation ofB (t) toB (p) by the helical turbulent motions. Further development of the dynamo theory showed that these two dynamo processes produce helical magnetic fields on both small and large spatial scales Pouquet et al. 1975) . It was further understood that the conservation of magnetic helicity is an important factor for the dynamical quenching of the large-scale magnetic field generation (Kleeorin & Ruzmaikin 1982; Cattaneo & Vainshtein 1991; Vainshtein & Cattaneo 1992 ; Kleeorin & Rogachevskii reduction procedure (Section 3). Section 4 presents our results, and Section 5 contains the discussion of the results.
The formalism beyond the computation of helicity of the global axisymmetric field
Let us represent the axisymmetric magnetic fieldB as
A = A φ e φ + rA r = rT + ∇ × (rS)
where ∇ × (rA r ) = e φ B. In the axisymmetric dynamo, the scalars S and T are uniquely determined with the normalization
where integration is done over the solid angle (Krause & Rädler 1980) . The magnetic helicity density is given byĀ ·B. The main problem here is that the magnetic helicity density is not a gauge invariant.
On the solar surface, the components of the vector potential can be restored from the observations of the mean-field components. One can assume that the axisymmetric component of the full vector magnetic field in the photosphere corresponds to the mean field. Suppose, we have information about the axisymmetric components of the toroidal field,B φ ≡ B and the poloidal field which is represented byB r . Then decomposing the components of the field and potential on the Legendre polynomial series
and A r = t (n) P n (cos θ)
we get the following relations (see, also Brandenburg et al. 2003) :
where R is the radius of the Sun. To calculate a proxy for the large-scale current helicity,B r ∇ ×B r , we will need the following identity as well:
The function S (see, Eq.2) can be determined up to a constant which does not affect the value of the toroidal part of the vector potential A φ . Thus, the normalization Eq.(8) affects the potential of the toroidal field only. In the reconstruction, the condition Eq.(8) can be satisfied numerically by
and C is defined numerically from the integration:
In reconstruction, we found that the correction C is rather small in comparison with A
r . The Eqs(1,2,3) and Eq(11) ensure that´Ā φBφ dµ =´Ā rBr dµ which is expected from the topological consideration (see discussion in Section 4 and the paper by Brandenburg et al. 2003) .
Data reduction
We use the re-calibrated synoptic maps from the Solar and Heliospheric Observatory/Michelson Doppler Imager (SOHO/MDI) data set (Scherrer et al. 1995; Liu et al. 2004; Hoeksema et al. 2010; Sun et al. 2011) . The maps were constructed under the assumption that MDI makes line-of-sight measurements of a radial magnetic field (see, http://soi.stanford.edu/magnetic/index6.html). The B r
and B φ components of the field are reconstructed from the maps of the line-of-sight (hereafter LOS) magnetic field, which contain the data from a segment of solar disk image 10-degree wide in longitude centered at the following longitudes relative to the central meridian φ i = 0, ±15, 30, 45
• and 60
• .
The toroidal component of magnetic field is computed following Duvall et al. (1979) . The method assumes that the changes in the magnetic fields over several days are entirely due to the change in the projection of the same magnetic field vector. We employ the set of the LOS magnetic field charts to compute the coefficients of the fit (Duvall et al. 1979 ):
Ideally, the method requires to compare the same feature on all images (see, Duvall et al. 1979 ; Grigoryev et al. 1986; Pevtsov & Latushko 2000; Wang & Zhang 2010 Such tilt was previously noted by (Duvall et al. 1979; Pevtsov & Latushko 2000) . One could also note, that the sign of the toroidal component of weak field corresponds to the orientation of the active region magnetic fields in the next cycle 24 as if these weak fields herald the cycle 24 starting at high latitudes well before the first active region of this cycle emerges. Tlatov et al. (2010) found signs of the extended solar cycle in the orientation of the ephemeral active regions several years prior to the beginning of solar cycle.
Beside the signal of the large-scale magnetic field, which can be clearly identified from those time-latitude diagrams, the toroidal flux data shows the effects related to a one year orbital periodicity and the presence of a strong noise component. To mitigate these issues, which complicate the determination of the field components in the polar regions, we apply the following strategy. Since the toroidal magnetic field and the toroidal vector potential should be zeros at the poles, we restrict the computation of B φ to 70
• latitudes. For latitudes between 70
• and 90
• the toroidal field is extrapolated linearly.
The noise was reduced by convolving the data shown in Figure 1 with 2D Gaussian function:
where µ = cos θ with −2b + 1 ≤ µ ≤ 2b + 1, and t is time in Carrington rotations (within window Next, we interpolate the data to the collocation points of the Legendre polynomials, µ j = cos θ j , which are taken at zeros of P N (µ). The order of the polynomial approximation, N, should be sufficiently high. We found that the results do not change significantly for N ≥ 48, which was the basis for selecting N=48. The coefficients a (n) in Eq. (4) can be found using the Eq.
(1) and properties of the Legendre polynomials. The matrix equation for a (n) becomes
and the similar relation holds for the toroidal field (see, Eq. (6)). By solving the matrix equations in the collocation points, one can find the coefficients for the vector potential components and restore the distribution of the magnetic helicity density. The validity of reconstruction procedure was tested using the output of the mean-field dynamo model (see Pipin et al. 2013b ).
The main conclusions of this paper are drawn from the analysis based on the LOS magnetic field synaptic maps. These maps cover the solar cycle 23 and the beginning of cycle 24. In addition, for the rising phase of the solar cycle 24 we employed the synoptic maps, which were synthesized from the vector magnetic field measurements made by the Vector Spectromagnetograph (VSM) on the Synoptic Optical Long-term Investigations of the Sun (SOLIS) system (Gosain et al. 2013) . While these is no overlap between the MDI and VSM datasets to allow for a more direct comparison, we find the distributions of radial and toroidal fields to exhibit a similar behavior between the datasets. For example, similar to Figure 1 the mean toroidal field derived from the vector data is mostly negative in the Northern hemisphere, and it is mostly positive in the Southern hemisphere.
The radial field shows the main peak (negative in the northern hemisphere and positive in the southern hemisphere), which correspond to leading and following polarity fields of dissipating active regions.
MDI data (Figure 1a) show a similar pattern in some parts of cycles 23 and 24 (e.g., see "tip" of cycle 24 "butterfly" in the Northern hemisphere). These similarities provide an indirect support for our method of derivation of radial and toroidal components of large-scale magnetic field from MDI synoptic maps of LOS flux.
Results
The analysis presented in this section is aimed to demonstrate a global nature of the asymmetric (relative to the solar equator) component of magnetic field and to present the magnetic helicity density and evolution of the integral magnetic helicity in two solar hemispheres. Figure 4 (a,b) presents the evolution of power spectra b
and [a (n) (t)] 2 . We found that the coefficients b (n) φ (t) and a (n) (t) decay rapidly with the increasing number of modes. Furthermore, we found that the asymmetric component of the magnetic field exhibits a faster decay, which we interpret as this component being more global in its nature as compared with the symmetric component. We note that one can draw a similar conclusion using the results of Stenflo & Guedel (1988) study. Having the radial and toroidal components of magnetic field and vector potential, we are now able to compute the corresponding components of magnetic helicity densityĀ ·B =Ā φBφ +Ā rBr ( Figure 7 ). The distribution of magnetic helicity density in cycle 23 (Figure 7a) shows a strong hemispheric asymmetry, with positive/negative helicity in the northern/southern hemispheres. This hemispheric asymmetry is opposite in sign to the hemispheric helicity rule found in active regions. There is no contradiction here. In the dynamo theory, the active regions are thought to represent the "small-scale" magnetic fields (see Brandenburg et al. 2003 , for further discussion), while in this paper we derive helicity of large-scale fields (in mean-field dynamo terminology). The fact that large-scale helicity derived by us has opposite sign to helicity of active regions is in agreement with the notion that the dynamo produces helicity of two opposite signs segregated by their spatial scales. Figure 7a shows two additional features, which require further discussion: apparent sign-reversals in early and late phases of cycle 23. We defer this discussion to the following section.
The patterns of the toroidal (Ā φBφ ) and the radial (Ā rBr ) components of the magnetic helicity density are quite different (Figure 7b ). Despite that difference, however, their total surface integrals are about equal (´Ā φBφ dµ ≈´Ā rBr dµ). Thus, one can compute the total helicity using only one of two parts as suggested by Brandenburg et al. (2003) . For the surface integral of the helicity density one can write
, where µ = cos θ, and we used integration by part. The last term in the Eq. (16) is identically zero at the poles, and H S is defined by the surface integral of toroidal component of magnetic helicity. To estimate the H S separately for the Northern and Southern hemispheres, one still requires to know both theĀ r andĀ φ .
Modern measurements of solar vector magnetic fields are normally restricted to a single layer in solar atmosphere (typically, the photosphere). These observations are insufficient to derive the true magnetic helicity. Instead, the helicity proxies such as the vertical component of the current helicity densityB r ∇ ×B r are used. Figure 8c shows evolution of the proxy of the current helicity density, B r ∇ ×B r . In comparison with true magnetic helicity density (Figure 8a) , the hemispheric helicity rule shows a more complex pattern. While on average, the current helicity density follows the same hemispheric sign-asymmetry, during the maximum of solar cycle 23 theB r ∇ ×B r exhibits a "zebra" pattern with opposite helicity bands present in both hemispheres. Whatever these bands persist through the minimum of the cycle 23 or even reverse the pattern is not clear; our data are insufficient to make a definite conclusion about this. Similar "zebra" patterns in theB r ∇ ×B r were found in the past (e.g., Pevtsov & Latushko 2000; Pevtsov & Balasubramaniam 2003; Gosain et al. 2013 . Pevtsov & Balasubramaniam (2003 speculated about a possible relation between the latitudinal bands of current helicity density and the subphotospheric pattern of the torsional oscillations. Figures 9(a,b) compare theĀ ·B and theB r ∇ ×B r computed using the data from SOHO/MDI (about year 2011) and SOLIS/VSM (Fig.3c, year 2012) . Taking into account a one-year time lag between the MDI and VSM data included in this comparison, the overall correspondence between the results from two different instruments is quite reasonable in low-/mid-latitude range. Some difference in latitudinal profiles of helicity can be expected because there are differences in B r and B φ . Other sources of difference could include difference in sensitivity and noise levels and the treatment of polar fields. The 90 % confidence interval was computed in the same manner as for Figure 1c and Figure 3c .
The residual contribution of modes higher that 11 (Eqs(4-7) is an order of magnitude smaller then the contribution of first 11 modes.
Discussion and Conclusions
Using the set of synoptic charts from the SOHO/MDI, we reconstruct the magnetic helicity density of the large-scale (global) axisymmetric field of the Sun in solar cycle 23. In general, such reconstructions require a knowledge of theB r andB φ components of the axisymmetric magnetic field.
In the absence of the long-term full-disk vector magnetic field measurements, the components of the global magnetic field of the Sun were reconstructed via various approaches (Pevtsov & Latushko 2000; Ulrich & Boyden 2005; Lo et al. 2010; Mordvinov et al. 2012 ). Here we employed a more simplified approach as outlined in Duvall et al. (1979) .B r as well. The obtainedB r agrees well with the B r provided by MDI.
Theoretically, it is expected that during the most part of the cycle 23, the magnetic helicity of the large-scale (global) magnetic field should be positive/negative in the Northern/southern hemisphere (e.g., Brandenburg et al. 2003) . Pipin et al. (2013b) analyzed the distributions of magnetic helicity for the large-and small-scale magnetic fields in the axisymmetric mean-field dynamo with account for the conservation of the total magnetic helicity in the dynamo processes. They concluded that magnetic helicity of the large-scale field should follow the hemispheric helicity rule of opposite sign to the one for the small-scale fields. Our present results supports this early inferences. We find that during most of cycle 23, the large-scale (global) magnetic fields showed a persistent pattern of positive/negative helicity in the northern/southern hemispheres. In respect to helicity of active region magnetic fields (a small-scale in the framework of this discussion), the hemispheric helicity rule is negative/positive in the northern/southern hemispheres (Seehafer 1990; Pevtsov et al. 1995; Zhang et al. 2010 , and references therein). Taken together, these two results support the notion that the solar dynamo creates helicity of two opposite signs as was suggested in early papers. However, helicity of both signs seem to cross the solar photosphere. The hemispheric helicity rule for the large-scale (global) magnetic fields exhibits sign-reversals in early and late phases of cycle 23. If the helicities of small-and large-scale fields are tied together, this implies similar reversals in the hemispheric helicity rule for active regions. While some researchers claimed observing reversals in the hemispheric helicity rule near the minimum of solar cycle 22 and 23 Hagino & Sakurai 2005) , others were not able to find them (Pevtsov et al. 2001 (Pevtsov et al. , 2008 Gosain et al. 2013) . Clearly, this question about possible reversals of the hemispheric helicity rule for active region magnetic fields needs to be re-examine.
If the reversals of the hemispheric helicity rule are real, this will pose a challenge for some proposed mechanisms of helicity generation (e.g., helicity generation by the differential rotation, Berger & Ruzmaikin 2000) .
Our findings indicate that helicity of the large-scale magnetic fields is imbalanced between the northern and the southern hemispheres in different phases of solar cycle. However, when taken over the entire cycle, the positive and negative helicity of the large-scale magnetic field is well-balanced.
Indirectly, this is in agreement with Georgoulis et al. (2009) , who found that the helicity injection through the solar photosphere associated with active region magnetic fields is well-balanced over the solar cycle 23. On the other hand, (Yang & Zhang 2012 ) reported significant imbalance between helicity fluxes of northern and southern hemispheres.
The proxy of the current helicity,B r ∇ ×B r , derived by us exhibits a distinct "zebra" pattern.
Such a pattern is consistent with the results of Pevtsov & Latushko (2000) and Gosain et al. (2013) .
It is also expected from the spatial structure of the dynamo wave of the large-scale magnetic field componentsB r andB φ , which are illustrated in Fig.5(a) . We note that in the equatorial regions the inequalityB rBφ < 0 holds for the most part of the sunspot cycle (see, Fig.5(a) ). We also found that modes b 
r defines the hemispheric sign rule and the product P 2 P 3 defines that zebra pattern illustrated in Fig.8(c) and Fig.9 . Thus, the result shown in Fig.8(c) is expected for any dynamo model that qualitatively reproduces Fig.5(a) .
Having in mind the approximations which were used in reconstruction of the components of the global magnetic field of the Sun, our results and discussion should be considered as preliminary and Yr) data sets. The 90 % confidence interval was computed in following results of Fig.1(c) and Fig.3(c) 
